Abstract. In this paper, we get several new results on permutation polynomials over finite fields. First, by using the linear translator, we construct permutation polynomials of the forms L(x)
Introduction
Let p be a prime and q = p n for some n ∈ Z + . Let F p be the prime field and F q denote the finite field with q elements. Throughout F * q := F q \ {0} and F q [x] represents the ring of polynomials over F q in the indeterminate x. A polynomial f (x) ∈ F q [x] is called a permutation polynomial of F q if f (x) induces a permutation of F q . More information of permutation polynomials can be found in the book of Lidl and Niederreiter [8] . Permutation polynomials have many important applications in coding theory [6] , cryptography [13] and combinatorial design theory. The problem of constructing new classes of permutation polynomials over finite fields has generated much interest, see the open problems in [7] . There has many surveys in finding new permutation polynomials. Wan and Lidl [14] , Masuda and Zieve [11] and Zieve [17] constructed permutation polynomials of the form x r f (x (q−1)/d ) and studied their group structure. Zieve [15] characterized the permutation polynomial of the form x r (1 + x v + x 2v + ... + x kv ) t . Recently, by using a powerful lemma, Zieve [18, 19] got some new permutation polynomials over finite fields. Ayad, Belghaba and Kihel [1] obtained some permutation binomials and proved the bound of p, if ax n + x m permutes F p . Hou [4] characterized two new classes permutation polynomials over finite fields.
Let m > 1 be a given integer. Throughout Tr F q m /Fq (x) denotes the trace from F q m to F q , that is, Tr [8] ). Using the trace function and linearized polynomials, a number of classes of permutation polynomials were constructed. Qin and Hong [12] constructed permutation polynomials of the form k i=1 (L i (x) + γ i )h i (B(x)), where L i (x) and B(x) are linearized polynomials. Marcos [10] obtained permutation polynomials of the form bL(x) + γh(Tr F q m /Fq (x)). Zieve [16] presented rather more general versions of the first four constructions from [10] .
The linear translator is a good technique to construct permutation polynomials. There are many classes permutation polynomials constructed by the linear translator. Charpin and Kyureghyan [3] studied permutation polynomials of the shape G(x)+γTr F 2 n /F2 (H(x)) over F 2 n . Using the functions having linear translators, Charpin and Kyureghyan [2] introduced an effective method to construct permutation polynomials of the shape G(x) + γTr Fq/Fp (H(x)) over F q , where G(x) is either a permutation or linearized polynomial. In [5] , Kyureghyan further constructed permutation polynomials of the froms x + γf (x) and L(x) + γh(f (x)), where f (x) has a linear translator. Using linear translators, Qin and Hong [12] characterized a class permutation polynomials of the form
, which generalizes a result of [5] .
In this paper, our main goal is to construct some new permutation polynomials over finite fields. First, in Section 2, by using the linear translator, we characterize permutation polynomials of the forms L(x) + k j=1 γ j h j (f j (x)) and x + k j=1 γ j f j (x). These generalize the theorems of Kyureghyan [5] obtained in 2011. Consequently, in Section 3, we characterize permutation polynomials of the shape
This extends a result due to Charpin and Kyureghyan [2] .
Constructing permutation polynomials by linear translators
In this section, we use the linear translator to construct a new class of permutation polynomials over finite fields. We first recall the definition of linear translator as follows:
Definition 2.1.
[5] Let f : F q m → F q , a ∈ F q and α be a nonzero element in F q m . If f (x + uα) − f (x) = ua for all x ∈ F q m and u ∈ F q , then we say that α is an a-linear translator of the function f . In particular, a = f (α) − f (0).
In [2] , the functions holding a linear translator are characterized as follows:
has a linear translator if and only if there is a non-bijective linearized polynomial
Ling and Qu [9] answered an open problem of [2] by showing the existence of linearized polynomials with kernel of any given dimension. We can now use the linear translator to construct permutation polynomials and give the first main result of this paper as follows.
be permutation polynomials of F q . For any integers i and j with 1 ≤ i, j ≤ k, let b ij ∈ F q and γ i be a b ij -linear translator of Proof. First we show the sufficiency part. Let det b ij 1≤i,j≤k = 0. Taking any two elements α, β ∈ F q m such that F (α) = F (β), i.e.,
It follows that
basis of Ker(L) over F q , it follows that there exist a 1 , ..., a k ∈ F q such that
Notice that {γ 1 , ..., γ k } is a basis of Ker(L) over F q , we know that γ 1 , ..., γ k are linearly independent over F q . Then by (2.2), we have for 1 ≤ j ≤ k that
Since h j (x) is a permutation polynomial of F q , (2.5) is equivalent to
On the other hand, since
It follows that (a 1 , ..., a k ) ∈ F k q is a solution of the following system of linear equations:
. . .
So by det b ij 1≤i,j≤k = 0 we know that the rank of the coefficient matrix of (2.8) is equal to k. It follows that the system (2.8) of linear equations has only zero solution. Namely, (a 1 , ..., a k ) = (0, ..., 0). So by (2.3), we get that α = β. Therefore F (x) is a permutation polynomial of F q m . The sufficiency part is proved. Let us now show the necessity part. Let F (x) be a permutation polynomial of F q m . Suppose that (a 1 , ..., a k ) ∈ F k q is a solution the system (2.8) of linear equations, then (2.7) is satisfied. By the equivalence of (2.5) and (2.7), we obtain that
It then follows that
We can derive immediately that
That is, the system (2.8) of linear equations has only zero solution. Thus det b ij 1≤i,j≤k = 0 as desired. The necessity part is proved.
The proof of Theorem 2.1 is complete.
By Theorem 2.1, we get the following interesting results. 
is a permutation polynomial of F q 2k if and
Proof. Since α ∈ F q k is a primitive element of F q k , it follows that the set {1, α, ..., α k−1 } is a basis of F q k . It is easy to check that 
is a permutation polynomial of F q 4 if and only if
Example 2.2. Let p be an odd prime and t 1 , t 2 , t 3 be positive integers satisfying that
. Let α ∈ F q 4 be a primitive element of F q 4 and D ti (x, 1) be a Dickson polynomial for
) is a permutation polynomial of F q 4 if and only if
We are now in a position to state the second main result of this paper.
Theorem 2.2. Let k and l be positive integers with l ≤ k. For any integers i and j with 1 ≤ i, j ≤ k, let γ i ∈ F q m , b ij ∈ F q and γ i be a b ij -linear translator of f j : F q m → F q such that γ 1 , ..., γ k are linearly independent over F q . Let A = b ij 1≤i,j≤k be a k × k matrix over F q and I be the k × k identity matrix over F q . Then each of the following is true:
is a permutation polynomial of F q m if and only if rank(I +
Proof. (1) . Assume that rank(I + A) = k. Take any two elements α, β ∈ F q m satisfying F (α) = F (β), that is,
which is equivalent to
Writing a j := f j (β) − f j (α) ∈ F q . By (2.10), we get that α = β + k j=1 γ j a j . Replacing α by β + k j=1 γ j a j in (2.9), we arrive at
(2.12)
Since γ 1 , ..., γ k are linearly independent over F q , (2.12) is equivalent to
q is a solution of the system of linear equations (I + A) T X = 0, (2.14)
where (I + A) T means the transpose of I + A and X = (x 1 , , ..., x k ) T . Since rank(I + A) = k, the system (2.14) of linear equations has only zero solution. Thus a 1 = ... = a k = 0. It follows from α = β + k j=1 γ j a j that α = β. Thus F (x) is a permutation polynomial of F q m . So the sufficiency part of (1) is proved. Now we prove the necessity part of (1). Suppose that F (x) is a permutation polynomial of F q m . If (a 1 , ..., a k ) T ∈ F k q is a solution of the system (2.14) of linear equations, then (2.13) is true. By the equivalence between (2.13) and (2.11), we can deduce that
In other words, one has F (α) = F (β). Since F (x) is a permutation polynomial of F q m , we have α = β. It implies that k j=1 γ j a j = 0. But γ 1 , ..., γ k are linearly independent over F q , we have (a 1 , ..., a k ) T = (0, ..., 0) T . Thus the system (2.14) of linear equations has only zero solution. So rank(I + A) = k. The necessity part of (1) is proved.
(
2). Let rank(I +
q is any solution of the system (2.14) of linear equations and β ∈ F q m , then c j + k i=1 c i b ij = 0. It follows that
On the other hand, since rank(I + A) = k − l, we know that the dimension of the space of the solutions of the system (2.14) of linear equations over F q equals l, (2.14) has exactly q l solutions. Since γ 1 , ..., γ k are linearly independent over F q , it follows that
Therefore F (x) is a q l -to-1 mapping of F q m . So part (2) is proved. This completes the proof of Theorem 2.2.
Picking k = 1 and l = 1, we have the following result due to Kyureghyan [5] .
For k = 2, Kyureghyan [5] gave the following results.
As a special case of Theorem 2.2, we have the following interesting results. * Corollary 2.8. Let k be a positive integer. Let L : F q m → F q m be a linearized polynomial with kernel Ker (L) and {θ 1 
Proof. Since {θ 1 , ..., θ k } is a basis of Ker(L) over F q , it follows that θ 1 , ..., θ k are linearly independent over F q . It is easy to check that θ i is a Tr
Corollary 2.9. Let α ∈ F q m be a primitive element of F q m and m > 3 be a integer. Let
and N (x) := x q 3 + ax
Proof. Since α ∈ F q m is a primitive element of F q m , 1, α, α 2 are linearly independent over F q . One can easily check that 1, α, α 2 are the roots of N (x) and α i is a Tr F q m /Fq (α i γ j ) -linear translator of Tr F q m /Fq (H j (N (x)) + γ j x) for 0 ≤ i ≤ 2 and 1 ≤ j ≤ 3. Thus Corollary 2.9 follows immediately from Theorem 2.2.
As an application of Theorem 2.2, we can get a large family of complete mappings (also called complete permutation polynomials), which are the permutation polynomial F (x) with F (x) + x being a permutation polynomial as well. 
Permutation polynomials of the form
In [2] , Charpin and Kyureghyan studied permutation polynomials of the type F (x) := G(x) + γTr Fq/Fp (h(x)). When G(x) is a permutation polynomial or a linearized polynomial, they characterized permutation polynomials of this shape. In this section, we characterize permutation polynomials of the form
The third main result of this paper is given as follows. Proof. First we show the sufficiency part. Assume that there exists an integer i with 1 ≤ i ≤ l such that Tr F q m /Fq (h i (x+ε)−h i (x)) = 0 for any x ∈ F q m and any ε ∈ Ker(L)\{0}. Take any two elements α, β ∈ F q m satisfying F (α) = F (β), namely,
We deduce that
Hence (3.1) together with (3.2) infers that α − β ∈ Ker(L). Thus there exists an element ε ∈ Ker(L) such that α = β + ε. We claim that ε = 0. Suppose that ε = 0. By the hypothesis, we know that there exists an integer i 0 with 1 ≤ i 0 ≤ l such that Tr F q m /Fq (h i0 (β + ε) − h i0 (β)) = 0. Since γ 1 , ..., γ l are linearly independent over F q , it follows from (3.2) that for all j with 1 ≤ j ≤ l, one has Tr F q m /Fq (h j (β) − h j (α)) = 0, i.e., Tr F q m /Fq (h j (β + ε) − h j (β)) = 0. In particular, we have Tr F q m /Fq (h i0 (β + ε)− h i0 (β)) = 0. This arrives at a contradiction. Thus ε = 0. The claim is proved. Therefore F (x) is a permutation polynomial of F q m . The sufficiency part is proved.
Let us now show the necessity part. Let F (x) be a permutation polynomial of F q m . For any x ∈ F q m and any ε ∈ Ker(L) \ {0}, we have
Since F (x) is a permutation polynomial of F q m , it follows from (3.3) that l i=1 γ i Tr F q m /Fq (h i (x + ε) − h i (x)) = 0.
But γ 1 , ..., γ l ∈ Ker(L) are linearly independent over F q . Hence there exists an integer i with 1 ≤ i ≤ l such that Tr F q m /Fq (h i (x + ε) − h i (x)) = 0 for any x ∈ F q m and any ε ∈ Ker(L) \ {0}. The necessity part is proved. *
The proof of Theorem 3.1 is complete.
By Theorem 3.1, we can easily deduce the following consequences. 
